
Problem sheet 3: Analysis of existing Wows
with three dimensions

last edited April 3, 2019

These notes are based on textbooks by White [15], Çengel & al.[18], Munson & al.[19], and de Nevers [12].

Except otherwise indicated, we assume that:

Fluids are Newtonian

The atmosphere has patm. = 1 bar; �atm. = 1,225 kgm
−3; Tatm. = 11,3

◦
C; �atm. = 1,5 ⋅ 10

−5
Pa s

Air behaves as a perfect gas: Rair=287 J kg−1 K−1; air=1,4; cp air=1 005 J kg−1 K−1; cv air=718 J kg−1 K−1

Liquid water is incompressible: �water = 1 000 kgm−3, cp water = 4 180 J kg
−1
K
−1

Mass balance through an arbitrary volume:

0 =

d

dt
∭

CV
� d +

∬
CS
� (V⃗rel ⋅ n⃗) dA (3/5)

Momentum balance through an arbitrary volume:

F⃗net =
d

dt
∭

CV
�V⃗ d +

∬
CS
�V⃗ (V⃗rel ⋅ n⃗) dA (3/8)

Angular momentum balance through an arbitrary volume:

M⃗net,X =
d

dt
∭

CV
r⃗Xm ∧ �V⃗ d +

∬
CS
r⃗Xm ∧ � (V⃗rel ⋅ n⃗)V⃗ dA (3/12)
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3.1 Pipe bend
CC-0 o.c.

A pipe with diameter 30mm has a bend with angle � = 130°, as shown in Vg. 3.6. Wa-
ter enters and leaves the pipe with the same speed V1 = V2 = 1,5m s

−1. The velocity
distribution at both inlet and outlet is uniform.

Figure 3.6 – A pipe bend, through which water is Wowing. We assume that the velocity distribution
at inlet and outlet is identical.

Figure CC-0 o.c.

3.1.1. What is the mass Wow traveling through the pipe?

3.1.2. What is the force exerted by the pipe bend on the water?

3.1.3. Represent the force vector qualitatively (i.e. without numerical data).

3.1.4. What would be the new force if all of the speeds were doubled?

3.2 Exhaust gas deWector

A deWector is used behind a stationary aircraft during ground testing of a jet engine
(Vg. 3.7).

Figure 3.7 – A mobile exhaust gas deWector, used to deWect hot jet engine exhaust gases upwards
during ground tests.

Figure CC-0 o.c.

The deWector is fed with a horizontal air jet with a quasi-uniform velocity proVle; the
speed is Vjet = 600 kmh

−1, temperature 400 ◦
C and the pressure is atmospheric. As the

exhaust gases travel through the pipe, their heat losses are negligible. Gases are rejected
with a 40° angle relative to the horizontal.

The inlet diameter is 1m and the horizontal outlet surface is 6m2.

3.2.1. What is the force exerted on the ground by the deWection of the exhaust gases?
58

https://creativecommons.org/publicdomain/zero/1.0/deed.en
https://ariadacapo.net
https://commons.wikimedia.org/wiki/file:Pipe bend schematic.svg
https://creativecommons.org/publicdomain/zero/1.0/deed.en
https://ariadacapo.net
https://commons.wikimedia.org/wiki/file:Exhaust gas deflector 2.svg
https://creativecommons.org/publicdomain/zero/1.0/deed.en
https://ariadacapo.net


3.2.2. Describe qualitatively (i.e. without numerical data) a modiVcation to the deWec-
tor that would reduce the horizontal component of force.

3.2.3. What would the force be if the deWector traveled rearwards (positive x-direction)
with a velocity of 10m s

−1?

3.3 Pelton water turbine
White [15] P3.56

A water turbine is modeled as the following system: a water jet exiting a stationary
nozzle hits a blade which is mounted on a rotor (Vg. 3.8). In the ideal case, viscous eUects
can be neglected, and the water jet is deWected entirely with a 180° angle.

Figure 3.8 – Schematic drawing of a water turbine blade. This type of turbine is called Pelton
turbine.

Figure CC-0 o.c.

The nozzle has a cross-section diameter of 5 cm and produces a water jet with a speed
Vjet = 15m s

−1. The rotor diameter is 2m and the blade height is negligibly small.

We Vrst study the case in which the rotor is prevented from rotating, so that the blade is
stationary (Vblade = 0m s

−1).

3.3.1. What is the force exerted by the water on the blade?

3.3.2. What is the moment exerted by the blade around the rotor axis?

3.3.3. What is the power transmitted to the rotor?

We now let the rotor rotate freely. Friction losses are negligible, and it accelerates until it
reaches maximum velocity.

3.3.4. What is the rotor rotation speed?

3.3.5. What is the power transmitted to the rotor?

The rotor is now coupled to an electrical generator.

3.3.6. Show that the maximum power that can be transmitted to the generator occurs
for Vblade =

1

3
Vwater.

3.3.7. What is the maximum power that can be transmitted to the generator?

3.3.8. How would the above result change if viscous eUects were taken into account?
(brieWy justify your answer, e.g. in 30 words or less) 59
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3.4 Snow plow
derived from Gerhart & Gross [7] Ex5.9

A road-based snow plow (Vg. 3.9) is clearing up the snow on a Wat surface. We wish to
quantify the power required for its operation.

The snow plow is advancing at 25 kmh
−1; its blade has a frontal-view width of 4m.

The snow on the ground is 30 cm deep and has density 300 kgm−3.

The snow is pushed along the blade and is rejected horizontally with a 30° angle to the
left of the plow. Its density has then risen to 450 kgm−3. The cross-section area Aoutlet of
the outWowing snow in the x-y plane is 1,1m2.

3.4.1. What is the force exerted on the blade by the deWection of the snow?
(Indicate its magnitude and coordinates)

3.4.2. What is the power required for the operation of the snow plow?

3.4.3. If the plow velocity was increased by 10 %, what would be the increase in power?

Figure 3.9 – Outline schematic of a blade snow plow.
Figure CC-0 o.c.
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3.5 Drag on a cylindrical proVle

In order to measure the drag on a cylindrical proVle, a cylindrical tube is positioned
perpendicular to the air Wow in a wind tunnel (Vg. 3.10), and the longitudinal component
of velocity is measured across the tunnel section.

Figure 3.10 – A cylinder proVle set up in a wind tunnel, with the air Wowing from left to right.
Figure CC-0 o.c.

Upstream of the cylinder, the air Wow velocity is uniform (u1 = U = 30m s
−1).

Downstream of the cylinder, the speed is measured across a 2m height interval. Hori-
zontal speed measurements are gathered and modeled with the following relationship:

u2(y) = 29 + y
2 (3/16)

The width of the cylinder (perpendicular to the Wow) is 2m. The Mach number is very
low, and the air density remains constant at � = 1,23 kgm−3; pressure is uniform all along
the measurement Veld.

• What is the drag force applying on the cylinder?

• How would this value change if the Wow in the cylinder wake was turbulent,
and the function u2(y) above only modeled time-averaged values of the horizontal
velocity? (brieWy justify your answer, e.g. in 30 words or less)

3.6 Drag on a Wat plate

We wish to measure the drag applying on a thin plate positioned parallel to an air stream.
In order to achieve this, measurements of the horizontal velocity u are made around the
plate (Vg. 3.11).

At the leading edge of the plate, the horizontal velocity of the air is uniform: u1 = U =

10m s
−1.

At the trailing edge of the plate, we observe that a thin layer of air has been slowed down
by the eUect of shear. This layer, called boundary layer, has a thickness of � = 1 cm. The
horizontal velocity proVle can be modeled with the relation:

u2(y) = U (

y

�
)

1

7

(3/17) 61
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Figure 3.11 – Side view of a plate positioned parallel to the Wow.
Figure CC-0 o.c.

The width of the plate (perpendicular to the Wow) is 30 cm and it has negligible thickness.
The Wow is incompressible (� = 1,23 kgm−3) and the pressure is uniform.

3.6.1. What is the drag force applying on the plate?

3.6.2. What is the power required to compensate the drag?

3.6.3. Under which form is the kinetic energy lost by the Wow carried away? Can this
new form of energy be measured? (brieWy justify your answer, e.g. in 30 words
or less)

3.7 Drag measurements in a wind tunnel

A group of students proceeds with speed measurements in a wind tunnel. The objective
is to measure the drag applying on a wing proVle positioned across the tunnel test section
(Vg. 3.12).

Figure 3.12 – Wing proVle positioned across a wind tunnel. The horizontal velocity distributions
upstream and downstream of the proVle are also shown.

Figure CC-0 o.c.

Upstream of the proVle, the air Wow velocity is uniform (u1 = U = 50m s
−1).

Downstream of the proVle, horizontal velocity measurements are made every 5 cm across
the Wow; the following results are obtained:
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vertical position (cm) horizontal speed u2 (ms
−1)

0 50

5 50

10 49

15 48

20 45

25 41

30 39

35 40

40 43

45 47

50 48

55 50

60 50

The width of the proVle (perpendicular to the Wow) is 50 cm. The airWow is incompressible
(� = 1,23 kgm−3) and the pressure is uniform across the measurement surface.

3.7.1. What is the drag applying on the proVle?

3.7.2. How would the above calculation change if vertical speed measurements were
also taken into account?

3.8 Moment on gas deWector
non-examniable

We revisit the exhaust gas deWector of exercise 3.2 p.58. Figure 3.13 below shows the
deWector viewed from the side. The midpoint of the inlet is 2m above and 5m behind the
wheel labeled “A”, while the midpoint of the outlet is 3,5m above and 1,5m behind it.

Figure 3.13 – Side view of the mobile exhaust gas deWector which was shown in Vg. 3.7 p.58
Figure CC-0 o.c.

What is the moment generated by the gas Wow about the axis of the wheel labeled “A”?
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3.9 Helicopter tail moment
non-examinable

In a helicopter, the role of the tail is to counter exactly the moment exerted by the main
rotor about the main rotor axis. This is usually done using a tail rotor which is rotating
around a horizontal axis.

A helicopter, shown in Vgure 3.14, is designed to use a tail without a rotor, so as to reduce
risks of accidents when landing and taking oU. The tail is a long hollow cylindrical tube
with two inlets and one outlet. To simplify calculations, we consider that pressure is
atmospheric at every inlet and outlet.

Figure 3.14 – Top-view of a helicopter using a rotor-less tail.
Figure derived from a Vgure CC-by-sa by Commons User:FOX 52

• inlet A has a cross-section area of 0,2m2. It contributes hot exhaust gases of density
0,8 kgm

−3 and velocity 12m s
−1, aligned with the (x) axis of the tail;

• inlet B contributes 25 kg s−1 of atmospheric air incoming at an angle � = 130°
relative to the axis of the tail, with a velocity of 3m s

−1.

The mix of exhaust gases and atmospheric air is rejected at the tip of the tail (outlet C)
with a Vxed velocity of 45m s

−1. The angle � at which gases are rejected is controlled by
the Wight computer.

3.9.1. What is the rejection angle � required so that the tail generates a moment
of +6 kNm around the main rotor (y) axis?

3.9.2. Propose and quantify a modiVcation to the tail geometry or operating conditions
that would allow the tail to produce no thrust (that is to say, zero force in the
x-axis), while still generating the same moment.
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Remark: this system is commercialized by MD Helicopters as the notar. The use of
exhaust gases was abandoned, however, a clever use of air circulation around the tail pipe
axis contributes to the generated moment; this eUect is explored in chapter 11 (Large- and
small-scale Wows) (§11.3.4 p.186).

3.10 Pressure losses in a pipe Wow
Non-examinable. Based on White [15]

Water is circulated inside a cylindrical pipe with diameter 1m (Vg. 3.15).

Figure 3.15 – Velocity proVles at the inlet and outlet of a circular pipe.
Figure CC-0 o.c.

At the entrance of the pipe, the speed is uniform: u1 = Uav. = 5m s
−1.

At the outlet of the pipe, the velocity proVle is not uniform. It can be modeled as a
function of the radius with the relationship:

u2(r) = Ucenter (
1 −

r

R
)

1

7

(3/18)

The momentum Wow at the exit may be described solely in terms of the average velocity
Uav. with the help of a momentum Wux correction factor � , such that � ∫ u

2

2
dA = ��AU

2

av..
When u2 = Ucenter (1 −

r

R)

m

, it can be shown that � = (1+m)
2
(2+m)

2

2(1+2m)(2+2m)
, and so with m =

1

7
, we

have � ≈ 1,02.

[diXcult question]
What is the net force applied on the water so that it may travel through the pipe?

3.11 Thrust reverser
non-examinable

A turbofan installed on a civilian aircraft is equipped with a thrust inverter system. When
the inverters are deployed, the “cold” outer Wow of the engine is deWected outside of the
engine nacelle.

We accept that the following characteristics of the engine, when it is running at full
power, and measured from a reference point moving with the engine, are independent of
the aircraft speed and engine conVguration:
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Inlet diameter D1 = 2,5m

Inlet speed V1 = 60m s
−1

Inlet temperature T1 = 288K

Cold Wow outlet velocity V3 = 85m s
−1

Cold Wow temperature T3 = 300K

Hot Wow outlet diameter D4 = 0,5m

Hot Wow outlet velocity V4 = 200m s
−1

Hot Wow outlet temperature T4 = 400K

Air pressure at all exits p3 = p4 = patm. = 1 bar

Bypass ratio ṁ3/ṁ4 = 6

Figure 3.16 – Conceptual layout sketch of a turbofan. The airWow is from left to right.
Figure CC-by o.c.

We Vrst study the engine in normal (forward thrust) conVguration.

3.11.1. When mounted on a stationary test bench, what is the thrust provided by the
engine?

3.11.2. In the approximation that the operating parameters remain unchanged, what is
the thrust generated when the engine moves with a speed of 40m s

−1 ?

We now deploy the thrust reversers. They deWect the cold Wow with a 75° angle relative
to the aircraft longitudinal axis.

3.11.3. What is the net thrust developed when the aircraft velocity is 40m s
−1?

3.11.4. What is the net thrust developed when the aircraft is stationary?
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Answers

3.1 1) ṁ = 1,0603 kg s
−1 2) F⃗net = (−0,5681; −1,2184) N

3) The force is quadrupled.

3.2 1) F⃗net = (−9,532; +1,479) kN : ||F⃗net|| = 9,646 kN (force on ground is opposite: F⃗Wuid on pipe =

−F⃗pipe on Wuid); 3) ||F⃗net 2|| = 8,525 kN.

3.3 1) Fnet = (−883,6; 0) N; 2) MnetX = |Fnet|R = 883,6Nm;
3) Ẇrotor = 0W; 4) ! = 143,2 rpm (Fnet = 0N);
5) Ẇrotor = 0W again;
6) Ẇrotor, max = 1,963 kW@ Vblade, optimal =

1

3
Vwater jet.

3.4 1) ṁ = 2 500 kg s
−1; Fnet x = +10,07 kN, Fnet z = +12,63 kN (force on blade is opposite);

2) Ẇ = F⃗net ⋅ V⃗plow = Fnetx |V1| = 69,94 kW

3.5 Fnetx = �L ∫
S2 (

u
2

2
− Uu2) dy = −95,78N.

3.6 Fnetx = �L ∫
�

0 (u
2

(y)
− Uu(y)) dy = −7,175 ⋅ 10

−2
N : Ẇdrag = U |Fnetx | = 0,718W.

3.7 Fnetx ≈ �LΣy [(u
2

2
− Uu2) �y] = −64,8N.

3.8 Re-use ṁ = 67,76 kg s
−1, V1 = 166,7m s

−1, V2 = 33,94m s
−1 from ex.3.2. From trigonom-

etry, Vnd R2⟂V2 = 1,717m. Then, plug in eq. 3/13 p.54: Mnet = +18,64 kNm in z-
direction.

3.9 1) Work eq. 3/12 down to scalar equation (in y-direction), solve for � : � = 123,1°.
2) There are multiple solutions which allow both moment and force equations to
be solved at the same time. rC can be shortened, the Wow in C can be split into
forward and rearward components, or tilted downwards etc. Reductions in ṁB or
VC are also possible, but quantifying them requires solving both equations at once.

3.10 Vcenter = 1,2245U ; Fnetx = +393N (positive!)

3.11 ṁcold = 297 kg s
−1, ṁhot = 59,4 kg s

−1; Fcold Wow, normal, bench & runway = +74,25 kN,
Fhot Wow, normal & reverse, bench & runway = +8,316 kN;
Fcold Wow, reverse, bench & runway = −24,35 kN and Fhot Wow, normal, bench & runway = +8,316 kN.
Adding the net pressure force due to the (lossless) Wow acceleration upstream of
the inlet, we obtain, on the bench: Fengine bench, normal = −93,26 kN, Fengine bench, reverse =
+5,344 kN; and on the runway: Fengine runway, normal = −92,5 kN and Fengine bench, reverse =
+6,094 kN.
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