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These notes are based on textbooks by White [15], Çengel & al.[18], Munson & al.[19], and de Nevers [12].

11.1 Motivation

Video: pre-lecture brieVng for
this chapter (back when it had
a diUerent chapter number)

by o.c. (CC-by)
https://youtu.be/qEE-tyXgWLI

This exploratory chapter is not a critical component of Wuid dynamics; in-
stead, it is meant as a brief overview of two extreme cases: Wows for which
viscous eUects are negligible, and Wows for which they are dominant. This
exploration should allow us to answer two questions:

• How can we model large-scale Wows?

• How can we model small-scale Wows?

11.2 Flow at large scales

11.2.1 Problem statement

In this section, we are interested in Wow at very large scales: those for which
a representative length L is very large. In particular, when L is large enough,
the inWuence of viscosity is reduced. Formally, this corresponds to the case
where the Reynolds number [Re] ≡ �VL/� is very large.

To examine the mechanics of such a Wow, we turn to our beloved non-
dimensional Navier-Stokes equation for incompressible Wow derived as
eq. 9/13 p.146,

[St]
)V⃗

∗

)t
∗
+ [1] V⃗

∗
⋅ ∇⃗

∗
V⃗
∗
=

1

[Fr]2
g⃗
∗
− [Eu] ∇⃗∗p∗ +

1

[Re]
∇⃗
∗2
V⃗
∗

(11/1)

in which we see that when the Reynolds number [Re] is very large, the last
term becomes negligible relative to the other four terms. Thus, our governing
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equation can be reduced as follows:

[St]
)V⃗

∗

)t
∗
+ [1] V⃗

∗
⋅ ∇⃗

∗
V⃗
∗
≈

1

[Fr]2
g⃗
∗
− [Eu] ∇⃗∗p∗ (11/2)

Now, converting eq. 11/2 back to dimensional terms, our governing momen-
tum equation for inviscid Wow becomes:

�

DV⃗

Dt

= �g⃗ − ∇⃗p (11/3)

We see that with the starting proposition that [Re] was large, we have re-
moved altogether the viscous (last) term from the Navier-Stokes equation.
Flows governed by this equation are called inviscid Wows. Equation 11/3 is
named the Euler equation; it stipulates that the acceleration Veld is driven
only by gravity and by the pressure Veld.

11.2.2 Investigation of inviscid Wows

From what we studied in chapter 6, we recognize immediately that Wows
governed by eq. 11/3 are troublesome: the absence of viscous eUects facilitates
the occurrence of turbulence and makes for much more chaotic behaviors.
Although the removal of shear from the Navier-Stokes equation simpliVes the
governing equation, the solutions to this new equation become even harder
to Vnd and describe.

What can be done in the other two branches of Wuid mechanics?

• Large-scale Wows are diXcult to investigate experimentally. As we have
seen in chapter 6, scaling down a Wow (e.g. so it may Vt inside a labora-
tory) while maintaining constant [Re] requires increasing velocity by a
corresponding factor.

• Large scale Wows are also diXcult to investigate numerically. At high
[Re], the occurrence of turbulence makes for either an exponential
increase in computing power (direct numerical simulation comput-
ing power increases with [Re]3,5) or for increased reliance on hard-to-
calibrate turbulence models (in Reynolds-averaged simulations).

All three branches of Wuid mechanics, therefore, struggle with turbulent
Wows.

In spite of this, large-scale Wows are undeniably important. In chapter 7 we
were able to understand and describe Wuid Wow very close to walls. Now we
wish to be able to to the same for large structures, for example, in order to
describe the broad patterns of Wuid Wow (in particular, pressure distribution)
in the wake of an aircraft or of a wind turbine, or within a hurricane. It is
clear that we have no hope of accounting easily for turbulence, but we can
at least describe the main features of such Wows by restricting ourselves to
laminar cases. In the following sections, we willmodel such laminar solutions
directly, based on intuition and observation, and make sure that they match
the condition described by eq. 11/3 above.
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11.3 Plotting velocity with functions

11.3.1 Kinematics that Vt conservation laws

For simple Wow structures, the velocity Veld can be simply described based
on observation and intuition. This is done for example in exercise 11.6, where
we reconstruct the Wow Veld within and around a tornado using very simple,
almost primitive, kinematics.

Without so much as a small increase in complexity, this approach becomes
untenable. In the last exercises of chapter 4 (ex. 6.7 & 6.8 p.117) we have seen
that it is easy to propose a velocity Veld that does not satisfy (is not a solution
of) either the continuity or the Navier-Stokes equation. For example, if one
considers two of the tornado Wows mentioned above together, the velocity
Veld cannot be described easily anymore.

One approach has been developed in the 17th century to overcome this
problem. It consists in Vnding a family of Wows, all steady, that always satisfy
the conservation equations. Those Wows can then be added to one another
to produce new conservation-abiding Wows. Such Wows are called potential
Wows.

Two conditions need to be fulVlled for this approach to work:

1. The velocity Veld must always be describable with a function; that is,
there must correspond a single value of u, of v and of w at each of
the coordinates xi , yi , or zi in space. This means in practice that we
cannot account for Wows which “curl up” on themselves, occasionally
recirculating back on their path.

2. The velocity Veld must conserve mass. In incompressible Wow, this is
achieved if the continuity equation ∇⃗ ⋅V⃗ = 0 (eq. 6/33 p.110) is respected.

With potential Wow, these two conditions are addressed as follows:

1. We restrict ourselves to irrotational Wows, those in which the curl of
velocity (see Appendix A2 p.205) is always null:

∇⃗ × V⃗ = 0⃗ (11/4)

by deVnition, for an irrotational Wow.

It can be shown that Wows are irrotational when there exists a scalar
function � (pronounced “phi” and named potential function) of which
the gradient is the velocity vector Veld:

∇⃗� ≡ V⃗ (11/5)

In the case of two-dimensional Wow, this translates as:

)�

)x

≡ u (11/6)

)�

)y

≡ v (11/7)

When plotted out, lines of constant � (named equipotential lines) are
always perpendicular to the streamlines of the Wow. 181



2. The continuity equation is satisVed by referring to stream functions. It
can be shown that the divergent of velocity is null when there exists a
vector Veld function ⃗

 (pronounced “psi” and named stream function)
of which the curl is the velocity vector Veld:

∇⃗ ×
⃗
 = V⃗ (11/8)

In the case of two-dimensional Wow,  is a scalar Veld and eq. 11/8
translates as:

) 

)y

≡ u (11/9)

−

) 

)x

≡ v (11/10)

When plotted out, lines of of constant  value are streamlines – in other
words, as they travel along, Wuid particles follow paths of constant  
value.

In summary, we have shifted the problem from looking for u and v, to looking
for  and �. The existence of such functions ensures that Wows can be added
and subtracted from one another yet will always result in mass-conserving,
mathematically-describable Wows. If such two functions are known, then the
velocity components can be obtained easily either in Cartesian coordinates,

u =

)�

)x

=

) 

)y

(11/11)

v =

)�

)y

= −

) 

)x

(11/12)

or angular coordinates:

vr =

)�

)r

=

1

r

) 

)�

(11/13)

v� =

1

r

)�

)�

= −

) 

)r

(11/14)

11.3.2 Strengths and weaknesses of potential Wow

The potential Wow methodology allows us to Vnd solutions to the Euler
equation: Wows in which the Reynolds number is high enough that viscosity
has no signiVcant role anymore. Potential Wows are the simplest solutions
that we are able to come up with. They are:

• strictly steady;

• inviscid;

• incompressible;

• devoid of energy transfers;

• two-dimensional (in the scope of this course at least).

This is quite convenient for the academician, who recognizes immediately
four of the Vve criteria which we set forth in chapter 3 for using the Bernoulli
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equation. Along a streamline, the Vfth condition is met, and Euler’s equation
reduces to eq. 2/20 (p.37):

p1

�

+

1

2

V
2

1
+ gz1 =

p2

�

+

1

2

V
2

2
+ gz2 = cst. (11/15)

along a streamline in a steady incompressible inviscid Wow.

and so it follows that if the solution to an inviscid Wow is known, the forces
due to pressure can be calculated with relative ease.

Nevertheless, from a science and engineering point of view, potential Wows
have only limited value, because they are entirely unable to account for
turbulence, which we have seen is an integral feature of high-[Re] Wows.
We should therefore use them only with great caution. Potential Wows help
us model large-scale structures with very little computational cost, but this
comes with strong limitations.

11.3.3 Superposition: the lifting cylinder

It is possible to describe a handful of basic potential Wows called elementary
Wows as fundamental ingredients that can be added to one another to create
more complex and interesting Wows. Without going into much detail, the
most relevant elementary Wows are:

• Uniform longitudinal Wow,

� = V r cos � (11/16)

 = V r sin � (11/17)

• Sources and sinks (Vg. 11.1) which are associated with the appearance
of a (positive or negative) volume Wow rate ̇ from a single point in
the Wow:

� =

̇
2�

ln r (11/18)

 =

̇
2�

� (11/19)

• Irrotational vortices, rotational patterns which impart a rotational
velocity v� = f (r , �) on the Wow, in addition to which there may exist a

Figure 11.1 – Concept of a source inside a two-dimensional potential Wow. A sink
would display exactly opposed velocities.

Figure CC-by-sa Commons User:Nicoguaro
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radial component vr :

� =

Γ

2�

� (11/20)

 = −

Γ

2�

ln r (11/21)

in which Γ (termed circulation) is a constant proportional to the strength of
the vortex.

• Doublets, which consist in a source and a sink of equal volume Wow
rate positioned extremely close one to another (Vg. 11.2):

� = K

cos �

r

(11/22)

 = −K

sin �

r

(11/23)

in which K is a constant proportional to the source/sink volume Wow rate ̇ .

It was found in the 17th Century that combining a doublet with uniform
Wow resulted in Wow patterns that matched that of the (inviscid, steady,
irrotational) Wow around a cylinder (Vg. 11.3). That Wow has the stream
function:

 = U∞ sin �
(
r −

R
2

r )
(11/24)

This stream function allows us to describe the velocity everywhere:

vr =

1

r

) 

)�

= U∞ cos �
(
1 −

R
2

r
2)

(11/25)

v� = −

) 

)r

= −U∞ sin �
(
1 +

R
2

r
2)

(11/26)

We can even calculate the lift and drag applying on the cylinder surface.
Indeed, along the cylinder wall, r = R and

vr |r=R = 0 (11/27)

v� |r=R = −2U∞ sin � (11/28)

Since the Bernoulli equation can be applied along any streamline in this
(steady, constant-energy, inviscid, incompressible) Wow, we can express the

Figure 11.2 – Left: a simple uniform steady Wow; Right: a doublet, the result of a
source and a sink brought very close one to another

Figure CC-0 o.c.
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Figure 11.3 – The addition of a doublet and a uniform Wow produces streamlines for
an (idealized) Wow around a cylinder.

Figure CC-by-sa by Commons User:Kraaiennest

pressure ps on the cylinder surface as a function of � :

p∞ +
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2

�U
2

∞
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1

2
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2

�

ps (�) = p∞ +
1

2

� (U
2

∞
− v

2

�) (11/29)

Now a simple integration yields the net forces exerted by the Wuid on the
cylinder per unit width L, in each of the two directions x and y:

Fnet,x

L

= −
∫

2�

0

ps cos � R d� = 0 (11/30)

Fnet,y

L

= −
∫

2�

0

ps sin � R d� = 0 (11/31)

The results are interesting, and at the time they were obtained by their author,
Jean le Rond D’Alembert, were devastating: both lift and drag are zero. This
inability to reproduce the well-known phenomena of drag is often called the
d’Alembert paradox.
The pressure distribution on the cylinder surface can be represented graphi-
cally and compared to experimental measurements (Vg. 11.4). Good agree-
ment is obtained with measurements on the leading edge of the cylinder; but
as the pressure gradient becomes unfavorable, in practice the boundary layer
separates –a phenomenon that cannot be described with inviscid Wow— and
a low-pressure area forms on the downstream side of the cylinder.
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Figure 11.4 – Pressure distribution (relative to the far-Wow pressure) on the surface
of a cylinder, with Wow from left to right. On the left is the potential Wow case,
purely symmetrical. On the right (in blue) is a measurement made at a high Reynolds
number. Boundary layer separation occurs on the second half of the cylinder, which
prevents the recovery of leading-edge pressure values, and increases drag.

Figure CC-by-sa Commons User:BoH & Olivier Cleynen

11.3.4 Circulating cylinder

Video: watch the Brazilian foot-
ball team show their French
counterparts how circulation
(induced through friction by
ball rotation) is associated to dy-
namic lift on a circular body

by TF1, 1997 (styl)
https://youtu.be/oGeMZ3t8jn4

An extremely interesting hack can be played on the potential cylinder Wow
above if an irrotational vortex of stream function  = −

Γ

2�
ln r (eq. 11/21) is

added to it. The overall Wow Veld becomes:

 = U∞ sin �
(
r −

R
2

r )
−

Γ

2�

ln r (11/32)

With this function, several key characteristics of the Wow Veld can be obtained.
The Vrst is the velocity Veld at the cylinder surface:

vr |r=R = 0 (11/33)

v� |r=R = −2U∞ sin � +

Γ

2�R

(11/34)

and we immediately notice that the velocity distribution is no longer sym-
metrical with respect to the horizontal axis (Vg. 11.5): the Wuid is deWected,
and so there will be a net force on the cylinder.

This time, the net pressure forces on the cylinder have changed:

Fnet,x

L

= −
∫

2�

0

ps cos � R d� = 0 (11/35)

Fnet,y

L

= −
∫

2�

0

ps sin � R d� = −� U∞ Γ (11/36)

We thus Vnd out that the drag is once again zero —as for any potential
Wow— but that lift occurswhich is proportional to the free-stream velocity U
and to the circulation Γ.

In practice, such a Wow can be generated by spinning a cylindrical part in
a uniform Wow. A lateral force is then obtained, which can be used as a
propulsive or sustaining force. Several boats and even an aircraft have been
used in practice to demonstrate this principle. Naturally, Wow separation
from the cylinder proVle and the high shear eUorts generated on the surface
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Figure 11.5 – The addition of an irrotational vortex on top of the cylinder Wow
described in Vg. 11.3 distorts the Wow Veld and it becomes asymmetrical: a lift force
is developed, which depends directly on the circulation Γ.

Figure © White 2008 [15]

cause real Wows to diUer from the ideal case described here, and it turns out
that rotating cylinders are a horribly uneconomical and unpractical way of
generating lift.

11.3.5 Modeling lift with circulation

Video: acting on swimming
pool water with a round plate
sheds a half-circular vortex that
is extremely stable and can
be interacted with quite easily.
Such stable laminar structures
are excellent candidates for
analysis using potential Wow.

by Physics Girl (Dianna Cowern) (styl)
https://youtu.be/pnbJEg9r1o8

Fluid Wow around cylinders may have little appeal for the modern student
of Wuid mechanics, but the methodology above has been taken much further.
With further mathematical manipulation called conformal mapping, potential
Wow can be used to described Wow around geometrical shapes such as airfoils
(Vg. 11.6). Because the Wow around such streamlined bodies usually does
not feature boundary layer separation, the predicted Wow Velds everywhere
except in the close vicinity of the solid surface are accurately predicted.

There again, it is observed that regardless of the constructed geometry, no lift
can be modeled unless circulation is also added within the Wow. The amount
of circulation needed so that results may correspond to experimental obser-
vations is found by increasing it progressively until the the rear stagnation
point reaches the rear trailing edge of the airfoil, a condition known as the
Kutta condition. Regardless of the amount of circulation added, potential
Wow remains entirely reversible, both in a kinematic and a thermodynamic
sense, thus, care must be taken in the problem setup to make sure the model
is realistic (Vg. 11.7).

It is then observed in general that any dynamic lift generation can be modeled
as the superposition of a free-stream Wow and a circulation eUect (Vg. 11.8).
With such a tool, potential Wow becomes an extremely useful tool, mathemat-
ically and computationally inexpensive, in order to model and understand the
cause and eUect of dynamic lift in Wuid mechanics. In particular, it has been
paramount in the description of aerodynamic lift distribution over aircraft
wing surfaces (Vg. 11.9), with a concept called the Lifting-line theory.
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Figure 11.6 – Potential Wow around an airfoil without (top) and with (bottom)
circulation. Much like potential Wow around a cylinder, potential Wow around
an airfoil can only result in a net vertical force if an irrotational vortex (with
circulation Γ) is added on top of the Wow. Only one value for Γ will generate a
realistic Wow, with the rear stagnation point coinciding with the trailing edge, a
occurrence named Kutta condition.

Figure CC-0 o.c.

Figure 11.7 – Potential Wow allows all velocities to be inverted without any change in
the Wow geometry. Here the Wow around an airfoil is reversed, displaying unphysical
behavior.

Figure CC-0 o.c.

Figure 11.8 – A numerical model of Wow around an airfoil. In the left Vgure, the
velocity vectors are represented relative to a stationary background. In the right
Vgure, the velocity of the free-stream Wow has been subtracted from each vector,
bringing the circulation phenomenon into evidence.

Figures 1 & 2 CC-by-sa by en:Wikipedia User:Crowsnest
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Figure 11.9 – From top to bottom, the lift distribution over the wings of a glider is
modeled with increasingly complex (and accurate) lift and circulation distributions
along the span. The Lifting-line theory is a method associating each element of
lift with a certain amount of circulation. The eUect of each span-wise change of
circulation is then mapped onto the Wow Veld as a trailing vortex.

Figures 1, 2 & 3 CC-by-sa Olivier Cleynen

189

https://en.wikipedia.org/wiki/Lifting-line_theory
https://commons.wikimedia.org/wiki/file:Aircraft wing lift distribution showing trailing vortices (1).svg
https://commons.wikimedia.org/wiki/file:Aircraft wing lift distribution showing trailing vortices (2).svg
https://commons.wikimedia.org/wiki/file:Aircraft wing lift distribution showing trailing vortices (3).svg
https://creativecommons.org/licenses/by-sa/3.0/deed.en
https://ariadacapo.net


11.4 Flow at very small scales

At the complete opposite of the spectrum, we Vnd Wow at very small scales:
Wows around bacteria, dust particles, and inside very small ducts. In those
Wows the representative length L is extremely small, which makes for small
values of the Reynolds number. Such Wows are termed creeping or Stokes
Wows. What are their main characteristics?

Looking back once again at the non-dimensional Navier-Stokes equation for
incompressible Wow derived as eq. 9/13 p.146,

[St]
)V⃗

∗

)t
∗
+ [1] V⃗

∗
⋅ ∇⃗

∗
V⃗
∗
=

1

[Fr]2
g⃗
∗
− [Eu] ∇⃗∗p∗ +

1

[Re]
∇⃗
∗2
V⃗
∗ (11/37)

we see that creeping Wow will occur when the Reynolds number is much
smaller than 1. The relative weight of the term 1

[Re] ∇⃗
∗2
V⃗
∗ then becomes

overwhelming.

In addition to cases where [Re] ≪ 1, we focus our interest on Wows for which:

• gravitational eUects have negligible inWuence over the velocity Veld;

• the characteristic frequency is extremely low (quasi-steady Wow).

With these characteristics, the terms associated with the Strouhal and Froude
numbers become very small with respect to the other terms, and our non-
dimensionalized Navier-Stokes equation (eq. 11/37) is approximately reduced
to:

0⃗ ≈ −[Eu] ∇⃗∗p∗ +
1

[Re]
∇⃗
∗2
V⃗
∗ (11/38)

We can now come back to dimensionalized equations, concluding that for a
Wuid Wow dominated by viscosity, the pressure and velocity Velds are linked
together by the approximate relation:

∇⃗p = �∇⃗
2
V⃗ (11/39)

In this type of Wow, the pressure Veld is entirely dictated by the Laplacian
of velocity, and the Wuid density has no importance. Micro-organisms, for
which the representative length L is very small, spend their lives in such
Wows (Vg. 11.10). At the human scale, we can visualize the eUects of these
Wows by moving an object slowly in highly-viscous Wuids (e.g. a spoon in
honey), or by swimming in a pool Vlled with plastic balls. The inertial eUects
are almost inexistent, drag is extremely important, and the object geometry
has comparatively small inWuence.

In 1851, George Gabriel Stokes worked through equation 11/39 for Wow
around a sphere, and obtained an analytical solution for the Wow Veld. This
allowed him to show that the drag FD sphere applying on a sphere of diameter
D in creeping Wow (Vg. 11.11) is:

FD sphere = 3��U∞D (11/40)
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Figure 11.10 – Micro-organisms carry themselves through Wuids at extremely low
Reynolds numbers, since their scale L is very small. For them, viscosity eUects
dominate inertial eUects.

Photo by Yutaka Tsutsumi, M.D., Fujita Health University School of Medicine

Inserting this equation 11/40 into the deVnition of the drag coeXcient CFD ≡

FD/
1

2
�SfrontalU

2

∞
(from eq. 9/15 p.150) then yields:

CFD =
FD sphere
1

2
�U

2

∞

�

4
D
2
=

24�

� U∞D

=

24

[Re]
D

(11/41)

These equations are speciVc to Wow around spheres, but the trends they
describe apply well to most bodies evolving in highly-viscous Wows, such
as dust or liquid particles traveling through the atmosphere. Drag is only
proportional to the speed (as opposed to low-viscosity Wows in which it
grows with velocity squared), and it does not depend on Wuid density.

Figure 11.11 – Flow at very low Reynolds numbers around a sphere. In this regime,
the drag force is proportional to the velocity.

Figure CC-by-sa by Olivier Cleynen & Commons User:Kraaiennest
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