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These notes are based on textbooks by White [15], Çengel & al.[18], Munson & al.[19], and de Nevers [12].

2.1 Motivation

In this chapter, we learn to analyze Wuid Wows for which a lot of information
is already available. We want, when confronted to a simple Wow (for example,
Wow entering and leaving a machine), to be able to answer three questions:

• What is the mass Wow in each inlet and outlet?

• What is the force required to move the Wow through the considered
volume?

• What energy transfer is required for this movement?

2.2 One-dimensional Wow problems

The method we develop here is called integral analysis, because it involves
calculating the overall (integral) eUect of the Wuid Wowing through a consid-
ered volume. In this chapter, we consider one-dimensional Wows (at least in a
loose deVnition); we will consider more advanced cases in chapter 3 (Analysis
of existing Wows with three dimensions).

For now, we are interested in Wows where four conditions are met:

1. There is a clearly identiVed inlet and outlet;

2. At inlet and outlet, the Wow Wuid properties can be evaluated in bulk,
because they are uniform (e.g. the inlet has only one velocity, one
temperature etc.);

3. There are no signiVcant changes in Wow direction;

4. A lot of information is available about the Wuid properties at inlet.
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Providing that those conditions are met, we can answer the question: what is
the net eUect of the Wuid Wow through the considered volume?

In order to write useful equations, we need to begin with rigorous deVnitions,
with the help of Vgure 2.1:

• We call control volume a certain volume we are interested in. Fluid
Wows through the control volume.
In this chapter, the control volume does not change with time. The
Wuid Wow does not change in time, either (i.e. the Wow is steady). The
Wuid enters and leaves the control volume at a clearly-identiVable inlet
and outlet.

• At a certain instant, the mass of Wuid that is inside the control volume
is called the system. The system is traveling. At a later point in time, it
has moved and deformed.

The three equations that we write in this chapter state that basic physical
laws apply to the system. They are balance equations (see §1.7 p.19). Each
time, we will express what is happening to the system, as a function of
the Wuid properties at the inlet and outlet of the control volume. This
will allow us to answer three questions:

• What is the mass Wow entering and leaving the control volume?

• What is the force required to move the Wow through the control vol-
ume?

• What energy transfer is required to move the Wow through the control
volume?

Figure 2.1 – A control volume within a Wow. The system is the amount of mass
included within the control volume at a given time. Because mass enters and leaves
the control volume, the system is being moved and deformed (bottom).

Figure CC-0 o.c.
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2.3 Balance of mass

How much mass Wow is coming in and out of the control volume? We answer
this question by writing a mass balance equation. It compares the rate of
change of the mass of the system (which by deVnition is zero, see eq. 1/24
p.19), to the rate of change of mass in the control volume:

dmsys

dt = 0 = d
dt mCV + ṁnet (2/1)

the time change

of the Wuid’s mass
= 0 =

the rate of change

of mass inside

the considered volume

+
the net mass Wow

at the borders

of the considered volume

Since we are looking at a steady Wow dmCV/ dt = 0. Furthermore, we have
clearly-identiVed inlets and outlets allowing us to re-express the net mass
Wow ṁnet. Equation 2/1 becomes:

0 = Σṁincoming + Σṁoutgoing (2/2)

time rate of creation

or destruction of mass
=

the sum of

incoming mass Wows

(negative terms)

+
the sum of

outgoing mass Wows

(positive terms)

For steady Wow through a considered volume.

Note that the sign convention is counter-intuitive: mass Wows are negative
inwards and positive outwards. For example, in a case where there were two
inlets and two outlets, we could write:

0 = ṁin 1 + ṁin 2 + ṁout 1 + ṁin 1

0 = − |ṁ|in 1 − |ṁ|in 2 + |ṁ|out 1 + |ṁ|in 1

We can substitute ṁ = �V⟂A (eq. 1/17 p.18) into the equations above, obtain-
ing:

0 = Σ [�V⟂A]incoming + Σ [�V⟂A]outgoing (2/3)

For steady Wow through a considered volume.

Looking again at an example case where there were two inlets and two
outlets, this equation 2/3 would become:

0 = �in 1V⟂ in 1Ain 1 + �in 2V⟂ in 2Ain 2 + �out 1V⟂ out 1Aout 1 + �out 1V⟂ out 2Aout 1

0 = (�V⟂A)in 1 + (�V⟂A)in 2 + (�V⟂A)out 1 + (�V⟂A)out 2
0 = − (�|V⟂|A)in 1 − (�|V⟂|A)in 2 + (�|V⟂|A)out 1 + (�|V⟂|A)out 2

In a simple case where there is only one outlet and one outlet, this last
equation can be rewritten as

(�|V⟂|A)1 = (�|V⟂|A)2 (2/4)
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This equation 2/4 is interesting, but also treacherous. For example, it is easy
to draw the conclusion that “if A increases, then V must decrease”. Two
remarks must be made about this statement:

1. The statement only holds true if � remains constant. This is the case
for water Wows, since water is incompressible in most practical appli-
cations. But in compressible Wows (for example when heat transfer is
involved, or when compressed air is expanded), � may vary too. It is in
fact a well-known result that in supersonic Wows, increases in A can
lead to increases in V , because of a decrease in �.

2. There is no causal relationship in equation 2/4. In an incompressible
Wow, it may well be that reducing A2 leads to an increase in V2, but
nothing guarantees that the product of the two remains constant. In
other words, reducing A2 may both increase V2 and decrease ṁ. In-
creases in velocity are not “for free”: they require force be applied and
energy be spent. The mass balance equation cannot account for those
phenomena.

In conclusion, the mass balance equation is very useful to quantify mass
Wows. But if you Vnd yourself using it to predict velocity, you should also ask
yourself: what force, and what power, are required to generate this change
in velocity? The following sections provide the answers we are looking for.

2.4 Balance of momentum

What force is applied to the Wuid for it to travel through the control volume?
We answer this question by writing a momentum balance equation. It
compares the rate of change of the momentum of the system (which by
deVnition is the net force applying to it, see eq. 1/25 p.19), to the rate of
change of momentum in the control volume:

d(mV⃗sys)
dt = F⃗net =

d
dt (mV⃗)CV

+ (ṁV⃗)net

(2/5)

the change of momentum

of the Wuid as it transits
= F⃗net =

the rate of change

of linear momentum

within the considered volume

+
the net Wow of linear momen-

tum through the boundaries

of the considered volume

Since we are looking at a steady Wow, and we have clearly-identiVed inlets
and outlets, this becomes:

F⃗net = Σ(ṁV⃗)incoming
+ Σ(ṁV⃗)outgoing

(2/6)

the net force

applying on the Wuid
=

the sum of incoming

momentum Wows

(with negativeṁ terms)

+
the sum of outgoing

momentum Wows

(with positiveṁ terms)

The same convention as above is applied for the sign of the mass Wow ṁ.
For example, in a case where there were one inlet and one outlet, we would
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write:

F⃗net = (ṁV⃗)in
+ (ṁV⃗)out

F⃗net = − (|ṁ|V⃗)in
+ (|ṁ|V⃗)out

As before, we can substitute ṁ = �V⟂A (eq. 1/17 p.18) into the equations
above, obtaining:

F⃗net on Wuid = Σ [�V⟂AV⃗ ]incoming
+ Σ [�V⟂AV⃗ ]outgoing (2/7)

For steady Wow through a considered volume,
where V⟂ is negative inwards, positive outwards.

In the example case where there is one inlet and one outlet, we would write:

F⃗net = (�V⟂AV⃗)in
+ (�V⟂AV⃗)out

F⃗net = − (�|V⟂|AV⃗)in
− (�|V⟂|AV⃗)out

To make clear a few things, let us focus on the simple case where a considered
volume is traversed by a steady Wowwith mass Wow ṁ, with one inlet (point 1)
and one outlet (point 2). The net force F⃗net applying on the Wuid is

F⃗net = |ṁ| (V⃗2 − V⃗1) (2/8)

Three remarks can be made about this equation. First, we need to be aware
that this is not one, but three equations, one for each dimension. In order to
express F⃗net, we need to calculate its three components:

⎧⎪⎪
⎨⎪⎪⎩

Fnetx = |ṁ| (V2x − V1x )
Fnetx = |ṁ| (V2x − V1x )
Fnetx = |ṁ| (V2x − V1x )

(2/9)

Second, we can see that there are two reasons why we could calculate a
non-zero net force on the Wuid in equation 2/8.

1. Even if V⃗2 is aligned and in the same direction as V⃗1, they can be of
diUerent magnitude. A force is required to accelerate or decelerate
the Wuid (more precisely, an acceleration or deceleration of the Wuid is
equivalent to a force);

2. Even if V⃗2 has the same magnitude as V⃗1, they can have diUerent
directions. A force is required to change the direction in which a Wow
is Wowing (or more precisely, a change of direction is equivalent to a
force).

We will explore these phenomena in greater detail in chapter 3 (Analysis of ex-
isting Wows with three dimensions). In this current chapter, we are mostly interested
in one-dimensional Wows, and it will suXce for us to solve equation 2/8 in
one suitable direction only, for example,

Fnetx = |ṁ| (V2x − V1x ) (2/10) 33



The Vnal remark is that the equation does not describe a cause-eUect rela-
tionship. The net force does not cause the change in velocity any more than
the change in velocity causes the net force: they are both equivalent and
simultaneous. Similarly, we have no way to know what F⃗net is made of. The
exact mechanism which adds up to a net force (pressure or shear applied
through a static wall or through the movement of parts) is “hidden” in the
control volume, and unknown to us. In order to Vnd out what happens in the
control volume, we need a diUerent type of analysis, which we will approach
in chapter 6 (Prediction of Wuid Wows).

2.5 Balance of energy

At which rate does the energy of the system vary when it transits through
the control volume? We answer this question by writing an energy balance
equation. It compares the rate of change of the energy of the system to the
rate of change of energy in the control volume.

For this we prefer to express the energy E as the speciVc energy e (in J kg−1)
multiplied by the mass (kg). The time rate change of E = me is measured in
watts (1W ≡ 1 J s−1). The energy balance equation is then:

dmesys
dt = Σ (Q̇ + Ẇ ) = d

dt (me)CV + (ṁe)net
(2/11)

the change of

energy of the

Wuid as it transits

=
the sum of

powers as

heat and work

=
the rate of change

of energy within

the considered volume

+
the net Wow of energy

through the boundaries

of the considered volume

where Q̇ is the power transferred as heat (W)
Ẇ is the power transferred as work (W)

Let us examine the terms of this equation:

The sum of powers as heat and work can be broken down in terms of three
components:

• the net power transferred as heat Q̇net (positive inwards);

• the net power transferred as work with moving solid surfaces Ẇsurfaces, net

(for example, a moving piston, turbine blade, or rotating shaft, positive
inwards);

• and the net power transferred to and from the Wuid by the Wuid itself,
in order to enter and leave the considered volume. This power is called
injection power; for each inlet or outlet we have Ẇinjection = −ṁ(p/�).

We can thus write:

Σ (Q̇ + Ẇ ) = Q̇net + Ẇshaft, net + Ẇinjection (2/12)

= Q̇net + Ẇshaft, net −(ṁ
p
�)net

(2/13)

Turning now to the speciVc energy e, we break it down in terms of three
components (see also §1.3.3 p.13):
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• the speciVc internal energy i, which represents the energy contained
as stored heat within the Wuid itself (in thermodynamics, this is often
noted u, but in Wuid mechanics we reserve this symbol to note the
x-component of velocity). For perfect gas, i is simply proportional to
absolute temperature (i = cvT ), but for other Wuids such as water, it
cannot be easily measured, and precomputed tables relating i to other
properties must be used;

• the speciVc kinetic energy ek ,

ek ≡
1
2V

2 (2/14)

• the speciVc potential energy ep , related to gravity g (ms−2) and altitude
z (m) as:

ep ≡ gz (2/15)

We thus write out speciVc energy (in J K−1) as:

e ≡ i + ek + ep (2/16)

Now, we focus on steady Wows (for which energy in the control volume does
not change with time), and we can come back to eq. 2/11 and rewrite it as:

Q̇net + Ẇshaft, net + Ẇinjection = (ṁe)net
Q̇net + Ẇshaft, net = (ṁe)net +(ṁ

p
�)

Q̇net + Ẇshaft, net = [ṁ(i +
p
� +

1
2V

2 + gz)]
net

(2/17)

Rewriting this into one general, usable form, we obtain:

Q̇net + Ẇshaft, net = Σ [ṁ(i +
p
� +

1
2V

2 + gz)]
in

+Σ [ṁ(i +
p
� +

1
2V

2 + gz)]
out

(2/18)

For steady Wow through a considered volume,
where ṁ = �V⟂A is negative inwards, positive outwards.

This equation 2/18 is known in thermodynamics as the steady Wow energy
equation (in thermodynamics, it is usually expressed with the help of the
concept of enthalpy ℎ ≡ i + p/�, which we do not use here).

As usual, let us focus on a case where there is only one inlet and one outlet.
We obtain:

Q̇net + Ẇshaft, net = − [|ṁ| (i +
p
� +

1
2V

2 + gz)]
in

+ [|ṁ| (i +
p
� +

1
2V

2 + gz)]
out

Q̇net + Ẇshaft, net = |ṁ| [Δi + Δ
p
� + Δ(

1
2V

2
) + Δ(gz)] (2/19)

This equation is very useful in principle, but not so much in practice, for two
reasons: 35



1. It contains a lot of terms. There are Vve Wuid properties at inlet or
outlet which aUect energy, and it is diXcult to predict which one will
be aUected by a heat or work transfer. For example, consider a simple
water pump with known powers Q̇in and Ẇshaft, in. An eXcient pump
will generate large increases in p (or V and z), while an ineXcient
pump will generate large increases in i and 1/�. The energy balance
equation, in this form, tells us nothing about how energy input to the
control volume is redistributed.

2. The terms have disproportionate values in practice. The heat capacity
of ordinary Wuids is very large, and so i is usually hundreds of times
larger than the four terms in the brackets of equation 2/18. In water
for example, an increase of temperature of 0,1 ◦C (with the term Δi)
requires the same energy increasing its velocity from 30 kmh−1 to
110 kmh−1 (with the term Δek). This is not an issue in thermodynamics,
where heat, work and temperature are the most important parameters.
But in Wuid mechanics, velocity is of great interest, and the energy
balance is not always useful to predict its changes.

2.6 The Bernoulli equation

2.6.1 Theory

The Bernoulli equation is the energy equation applied to speciVc cases.

To derive the Bernoulli equation, we will start from equation 2/18 and add
Vve constraints:

1. Steady Wow.
(We had already implemented this restriction, when we set d(me)CV

dt from
eq. 2/11 to zero in order to obtain eq. 2/18)

2. Incompressible Wow.
Thus, � stays constant;

3. No heat or work transfer.
Thus, both Q̇net and Ẇshaft, net are zero;

4. No friction.
Thus, the Wuid internal energy i cannot increase;

5. One-dimensional Wow.
Thus, our considered volume has only one inlet (labeled 1) and one
outlet (labeled 2): all Wuid particles move together with the same transit
time, and the overall trajectory is already known.

With these Vve restrictions, equation 2/18 simply becomes:

0 + 0 = [ṁ(icst. +
p
�cst.

+ 12V
2 + gz)]1

+[ṁ(icst. +
p
�cst.

+ 12V
2 + gz)]2
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Dividing by |ṁ| and canceling icst., as follows,

0 = −(icst. +
p
�cst.

+ 12V
2 + gz)1

+(icst. +
p
�cst.

+ 12V
2 + gz)2

0 = −(
p
�cst.

+ 12V
2 + gz)1

+(
p
�cst.

+ 12V
2 + gz)2

and multiplying by the (constant and uniform) density �, we obtain the
Bernoulli equation, with all terms having dimensions of pressure:

(p +
1
2�V

2 + �gz)1 = (p +
1
2�V

2 + �gz)2 (2/20)

This equation describes the properties of a Wuid particle in a steady, incom-
pressible, friction-less Wow with no energy transfer.

2.6.2 Reality

Let us insist on the incredibly frustrating restrictions brought by the Vve
conditions above:

1. Steady Wow.
This constrains us to continuous Wows with no transition eUects, which
is a reasonable limit;

2. Incompressible Wow.
We cannot use this equation to describe Wow in compressors, turbines,
diUusers, nozzles, nor in Wows where M > 0,6.

3. No heat or work transfer.
We cannot use this equation in a machine (e.g. in pumps, turbines,
combustion chambers, coolers).

4. No friction.
This is a tragic restriction! We cannot use this equation to describe a
turbulent or viscous Wow, e.g. near a wall or in a wake.

5. One-dimensional Wow.
This equation is only valid if we know precisely the trajectory of the
Wuid whose properties are being calculated.

It becomes possible to correct for most of those shortcomings, by adding one
extra (negative) term called “Δploss” to eq. 2/20, which we will lump together
all of the eUects unaccounted for. In this way, we obtain the Bernoulli
equation with losses:

(p +
1
2�V

2 + �gz)1 = (p +
1
2�V

2 + �gz)2 + Δploss (2/21)

There are indeed cases where the pressure loss due to the imperfection of the
Wow are well-understood, and can be easily quantiVed. This is true of Wow in
pipes, for example (we study those in chapter 7). In those cases, eq. 2/21 is
extremely useful.

Nevertheless, this approach is also easily misused! In a Wuid Wow where
several of the restrictions above do not hold —and many such Wows can be
found in everyday life as well as engineering applications— equation 2/21 37



will betray its users. Convince yourself that any wrong equation can be
made correct by adding an unknown “bucket” term at the end: for example
2 + 3 = −18 + Δploss.
In case you are not sure whether the Bernoulli equation applies, start from
an energy balance equation. Removing the terms that do not apply will
force you to question their relevance (e.g. is heat transfer really negligible?
etc.). If you do not come to a conclusive end, do not remove terms that are
inconvenient. The unfortunate reality is that in Wuid mechanics, the energy
balance equation contains many terms, with disproportionate values, and
using it alone is not enough to solve most practical problems.

We Vnish this chapter with another word of warning. Among the Vve
restrictions listed, the last is the most severe, and the most often forgotten:
the Bernoulli equation does not allow us to predict the trajectory of
Wuid particles. Just like all of the other equations in this chapter, it requires
a control volume with a known inlet and a known outlet. If you Vnd yourself
drawing out Wow streamlines and interpreting the result with the Bernoulli
equation, you are running astray. The tools you need to do this correctly are
waiting for us in chapter 6 (Prediction of Wuid Wows).
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