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10.1 Motivation

Video: pre-lecture brieVng for
this chapter (back when it had
a diUerent chapter number)

by o.c. (CC-by)
https://youtu.be/kU1m5ojOnUQ

In this chapter, we focus on Wuid Wow close to solid walls. In these regions,
viscous eUects dominate the dynamics of Wuids. This study should allow us
to answer two questions:

• How can we quantify shear-induced friction on solid walls?

• How can we describe and predict Wow separation?

10.2 The concept of boundary layer

10.2.1 Rationale

At the very beginning of the 20th century, Ludwig Prandtl observed that for
most ordinary Wuid Wows, viscous eUects played almost no role outside of a
very small layer of Wuid along solid surfaces. In this area, shear between the
zero-velocity solid wall and the outer Wow dominates the Wow structure. He
named this zone the boundary layer.

We indeed observe that around any solid object within a Wuid Wow, there
exists a thin zone which is signiVcantly slowed down because of the object’s
presence. This deceleration can be visualized by measuring the velocity
proVle (Vg. 10.1).

The boundary layer is a concept, a thin invisible layer whose upper limit
(termed � , as we will see in §10.2.3) is deVned as the distance where the Wuid
velocity in direction parallel to the wall is 99 % of the outer (undisturbed)
Wow velocity.

Upon investigation, we observe that the boundary layer thickness depends
strongly on the main Wow characteristics. In particular, it decreases when
speed increases or when viscosity is decreased (Vg. 10.2). 157
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Figure 10.1 – A typical velocity proVle in a boundary layer. Only the horizontal
component of velocity (Vx = u) is represented.

Figure CC-by Olivier Cleynen

Figure 10.2 – The thickness of the boundary layer depends strongly on the faraway
incoming Wow velocity U∞.

Figure CC-by-sa Olivier Cleynen & Commons User:F l a n k e r

As we travel downstream along a boundary layer, we observe experimentally
that the Wow regime is always laminar at Vrst. Then, at some distance
downstream which we name transition point, the boundary layer becomes
turbulent. The Wow-wise position of the transition point depends on the Wow
properties and is somewhat predictable. Further downstream, the boundary
layer becomes fully turbulent. It has larger thickness than in the laminar
regime, and grows at a faster rate. Like all turbulent Wows, it then features
strong energy dissipation and its analytical description becomes much more
diXcult.

The Wow within the boundary layer, and the main external Wow (outside of it)
aUect one another, but may be very diUerent in nature. A laminar boundary
layer may exist within a turbulent main Wow; while turbulent boundary
layers are commonplace in laminar Wows.
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10.2.2 Why do we study the boundary layer?

Expending our energy on solving such a minuscule area of the Wow may
seem counter-productive, yet three great stakes are at play here:

• First, a good description allows us to avoid having to solve the
Navier-Stokes equations in the whole Wow.
Indeed, outside of the boundary layer and of the wake areas, viscous
eUects can be safely neglected. Fluid Wow can then be described with
�

DV⃗

Dt
= −∇⃗p (the Euler equation, which we will introduce as eq. 11/3

in the next chapter) with acceptably low inaccuracy. As we shall
soon see, this allows us to Vnd many interesting solutions, all within
reach of human comprehension and easily obtained with computers.
Unfortunately, they cannot account for shear on walls.
Thus, solving the Wow within the boundary layer, whether analytically
or experimentally, allows us to solve the rest of the Wow in a simpliVed
manner (Vg. 10.3).

Figure 10.3 – Fluid Wow around a wing proVle. When analyzing the Wow, whether
analytically or within a computational Wuid dynamics (cfd) simulation, the Wow
domain is frequently split into three distinct areas. In the boundary layer (B), Wuid
Wow is dominated by viscosity. Outside of the boundary layer (A), viscous eUects
are very small, and the Wow can be approximately solved using the Euler equation.
Lastly, in the turbulent wake (C), characterization of the Wow is very diXcult and
typically necessitates experimental investigations.

Figure CC-by-sa Olivier Cleynen

• Secondly, the boundary layer is the key to quantifying friction. A
good resolution of the boundary layer allows us to precisely quantify
the shear forces generated by a Wuid on an object.

• Finally, a good understanding of the mechanisms at hand within the
boundary layer allows us to predict Wow separation, which is the di-
vergence of streamlines relative to the object. Control of the boundary
layer is key to ensuring that a Wow will follow a desired trajectory!

10.2.3 Characterization of the boundary layer

Three diUerent parameters are typically used to quantify how thick a bound-
ary layer is at any given position.
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The Vrst is the thickness � ,

� ≡ y |u=0,99U (10/1)

which is, as we have seen above, equal to the distance away from the wall
where the speed u is 99 % of U .

The second is the displacement thickness � ∗, which corresponds to the vertical
distance by which streamlines outside of the boundary layer have been
displaced. This vertical “shifting” of the Wow occurs because the inner Wuid is
slowed down near the wall, creating some blockage for the outer Wow, which
then proceeds to avoid it partially by deviating outwards (Vg. 10.4).

Integral analysis performed on a control volume enclosing the boundary
layer (as for example in exercise 3.6 from chapter 3) allows us to quantify the
displacement thickness as:

�
∗
≡
∫

∞

0

(
1 −

u

U
)
dy (10/2)

In practice, this integral can be calculated on a Vnite interval (instead of using
the ∞ limit), as long as the upper limit exceeds the boundary layer thickness.

The third and last parameter is the momentum thickness � ∗∗ which is equal
to the thickness of a corresponding layer of Wuid at velocity U which would
possess the same amount of momentum as the boundary layer. The momen-
tum thickness can be thought of as the thickness of the Wuid that would need
to be entirely stopped (for example by pumping it outside of the main Wow)
in order to generate the same drag as the local boundary layer.

A review of the experience we gathered in chapter 3 while solving prob-
lems 3.5 to 3.7 p.59) allows us to to quantify the momentum thickness as:

�
∗∗
≡
∫

�

0

u

U
(
1 −

u

U
)
dy (10/3)

with the same remark regarding the upper limit. The momentum thickness, in
particular when compared to the displacement thickness, is a key parameter
used in prediction models for boundary layer separation.

Once these three thicknesses have been quantiVed, we are generally looking
for a quantiVcation of the shear term �wall. Since we are working with the
hypothesis that the Wuid is Newtonian, we merely have to know u(y) to

Figure 10.4 – Thickness � and displacement thickness � ∗ of a boundary layer. It is
important to understand that the boundary layer is not a closed zone: streamlines
(drawn blue) penetrate it and the vertical velocity v, although very small compared
to u, is not zero.

Figure CC-by-sa Olivier Cleynen & Commons User:F l a n k e r
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quantify shear, according equation 5/20 which we wrote way back p.88:

�wall yx = �
)u

)y

(10/4)

In a boundary layer, the shear �wall will decrease with longitudinal distance
x , because the velocity gradient above it also decreases. Consequently, �wall
will become a function of x , so that the entire shear force will be obtained by
integration (reusing eq.5/2 p.83):

Fshearyx = ∫
S

�wall yx dx dz (10/5)

As we have seen in the previous chapter, Wuid dynamicists like to quantify
phenomena with non-dimensional parameters. The wall shear exerted by the
boundary layer is typically non-dimensionalized with the shear coeXcient cf ,

cf
(x)
≡

�wall
1

2
�U

2
(10/6)

where U is the outer-layer (free-stream) velocity.

The shear coeXcient, just like the shear, remains a function of the Wow-wise
distance x .

10.3 Laminar boundary layers

10.3.1 Governing equations

What is happening inside a laminar, steady boundary layer? We begin by
writing out the Navier-Stokes for incompressible isothermal Wow in two
Cartesian coordinates, starting from the vector equation (eqs. 6/40 p.109):

�
[

)u

)t

+ u

)u

)x

+ v

)u

)y ]
= �gx −

)p

)x

+ �
[

)
2
u

()x)
2
+

)
2
u

()y)
2 ]

(10/7)

�
[

)v

)t

+ u

)v

)x

+ v

)v

)y ]
= �gy −

)p

)y

+ �
[

)
2
v

()x)
2
+

)
2
v

()y)
2 ]

(10/8)

Building from these two equations, we are going to add three simpliVca-
tions, which are hypotheses based on experimental observation of Wuid Wow
in boundary layers:

1. Gravity plays a negligible role;

2. The component of velocity perpendicular to the wall (in our conven-
tion, v) is very small (v ≪ u).
Thus, its stream-wise spatial variations can also be neglected: )v

)x
≈ 0

and )
2
v

()x)
2
≈ 0. The same goes for the derivatives in the y-direction:

)v

)y
≈ 0 and )

2
v

()y)
2
≈ 0.

3. The component of velocity parallel to the wall (in our convention, u)
varies much more strongly in the y-direction than in the x-direction:
)
2
u

()x)
2
≪

)
2
u

()y)
2
.

161



With all of these simpliVcations, equation 10/8 shrinks down to

)p

)y

≈ 0 (10/9)

which tells us that pressure is a function of x only ( )p
)x

=
dp

dx
).

We now turn to equation 10/7, Vrst to obtain an expression for pressure by
applying it outside of the boundary layer where u = U :

dp

dx

= −�U

dU

dx

(10/10)

and secondly to obtain an expression for the velocity proVle:

u

)u

)x

+ v

)u

)y

= −

1

�

)p

)x

+

�

�

)
2
u

()y)
2

= U

dU

dx

+

�

�

)
2
u

()y)
2

(10/11)

Thus, the velocity Veld V⃗ = (u; v) = f (x, y) in a steady laminar boundary layer
is driven by the two following equations, answering to Newton’s second law
and continuity:

u

)u

)x

+ v

)u

)y

= U

dU

dx

+

�

�

)
2
u

()y)
2

(10/12)

)u

)x

+

)v

)y

= 0 (10/13)

The main unknown in this system is the longitudinal speed proVle across the
layer, u(x,y). Unfortunately, over a century after it has been written, we still
have not found an analytical solution to it.

10.3.2 Blasius’ solution

Heinrich Blasius undertook a PhD thesis under the guidance of Prandtl, in
which he focused on the characterization of laminar boundary layers. As
part of his work, he showed that the geometry of the velocity proVle (i.e.
the velocity distribution) within such a layer is always the same, and that
regardless of the Wow velocity or the position, u can be simply expressed as a
function of non-dimensionalized distance away from the wall termed �:

� ≡ y

√

�U

�x

(10/14)

Blasius was able to show that u is a function such that u

U
= f

′

(�)
, with f ′′′ +

1

2
f f

′′
= 0 — unfortunately, no known analytical solution to this equation is

known. However, it has now long been possible to obtain numerical values
for f ′ at selected positions �. Those are plotted in Vg. 10.5.

Based on this work, it can be shown that for a laminar boundary layer Wowing
along a smooth wall, the four parameters about which we are interested are

162

https://en.wikipedia.org/wiki/Heinrich_Blasius


Figure 10.5 – The velocity proVle obtained by Blasius (an exact solution to the
Navier-Stokes equations simpliVed with laminar boundary-layer hypothesis).

Figure CC-0 o.c.

solely function of the distance-based Reynolds number [Re]
x
:

�

x

=

4,91

√

[Re]
x

(10/14a)

�
∗

x

=

1,72

√

[Re]
x

(10/14b)

�
∗∗

x

=

0,664

√

[Re]
x

(10/14c)

cf
(x)
=

0,664

√

[Re]
x

(10/14d)

10.4 Boundary layer transition

After it has traveled a certain length along the wall, the boundary layer
becomes very unstable and it transits rapidly from a laminar to a turbulent
regime (Vg. 10.6). We have already brieWy described the characteristics of a
turbulent Wow in chapter 5; the same apply to turbulence within the boundary
layer. Again, we stress that the boundary layer may be turbulent in a globally
laminar Wow (it may conversely be laminar in a globally turbulent Wow): that
is commonly the case around aircraft in Wight, for example.

We observe that the distance xtransition at which the boundary layer changes
regime is reduced when the velocity is increased, or when the viscosity is
decreased. In practice this distance depends on the distance-based Reynolds
number [Re]

x
≡

�Ux

�
. The most commonly accepted prediction for the transi-

tion position is:

[Re]
x transition ≈ 5 ⋅ 10

5 (10/15)
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Figure 10.6 – Transition of a boundary layer from laminar to turbulent regime.
Figure CC-by Olivier Cleynen

Transition can be generated earlier if the surface roughness is increased, or
if obstacles (e.g. turbulators, vortex generators, trip wires) are positioned
within the boundary layer. Conversely, a very smooth surface and a very
steady, uniform incoming Wow will result in delayed transition.

10.5 Turbulent boundary layers

The extensive description of turbulent Wows remains an unsolved problem.
As we have seen in chapter 7 (Pipe Wows) when studying, by contrast with
laminar counterparts turbulent Wows result in

• increased mass, energy and momentum exchange;

• increased losses to friction;

• apparently chaotic internal movements.

Instead of resolving the entire time-dependent Wow in the boundary layer, we
satisfy ourselves with describing the average component of the longitudinal
speed, u. A widely-accepted velocity model is:

u

U

≈
(

y

�
)

1

7

(10/16)

for turbulent boundary layer Wow over a smooth surface.

This proVle has a much Watter geometry near the wall than its laminar
counterpart (Vg. 10.7).

In the same way that we have worked with the laminar boundary layer
proVles, we can derive models for our characteristics of interest from this
velocity proVle:

�

x

≈

0,16

[Re]
1

7

x

(10/16a)

�
∗

x

≈

0,02

[Re]
1

7

x

(10/16b)

�
∗∗

x

≈

0,016

[Re]
1

7

x

(10/16c)

cf
(x)
≈

0,027

[Re]
1

7

x

(10/16d)
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Figure 10.7 – Comparison of laminar and turbulent boundary layer proVles, both
scaled to the same size. It is important to remember that in practice turbulent
boundary layers are much thicker than laminar ones, and that u is only a time-
average velocity.

Figure CC-0 o.c.

10.6 Flow separation

Under certain conditions, Wuid Wow separates from the wall. The boundary
layer then disintegrates and we observe the appearance of a turbulent wake
near the wall. Separation is often an undesirable phenomenon in Wuid
mechanics: it may be thought of as the point where we fail to impart a
desired trajectory to the Wuid.

When the main Wow speed U along the wall is varied, we observe that
the geometry of the boundary layer changes. The greater the longitudinal
speed gradient ( dU / dx > 0), and the Watter the proVle becomes. Conversely,
when the longitudinal speed gradient is negative, the boundary layer velocity
proVle straightens up. When it becomes perfectly vertical at the wall, it
is such that streamlines separate from the wall: this is called separation
(Vg. 10.8).

The occurrence of separation can be predicted if we have a robust model
for the velocity proVle inside the boundary layer. For this, we go back to
fundamentals, stating that at the separation point, the shear eUort on
the surface must be zero:

�wall at separation = 0 = �
(

)u

)y)
@y=0

(10/17)

At the wall surface (u = 0 and v = 0), equation 10/12 p.162 becomes:

�
(

)
2
u

()y)
2)

@y=0

=

dp

dx

= −�U

dU

dx

(10/18)

Thus, as we progressively increase the term dp/ dx , the term )
2
u/()y)

2

reaches higher (positive) values on the wall surface. Nevertheless, we know
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Figure 10.8 – Separation of the boundary layer. The main Wow is from left to right,
and Wowing towards a region of increasing pressure. For clarity, the y-scale is greatly
exaggerated.

Figure CC-by Olivier Cleynen

that it must take a negative value at the exterior boundary of the boundary
layer. Therefore, it must change sign somewhere in the boundary. This point
where )2u/()y)2 changes sign is called inWexion point.

The existence of the inWection point within the boundary layer tells us that
the term )u/)y tends towards a smaller and smaller value at the wall. Given
enough distance x , it will reach zero value, and the boundary layer will
separate (Vg. 10.9). Therefore, the longitudinal pressure gradient, which in
practice determines the longitudinal velocity gradient, is the key factor in
the analytical prediction of separation.

We shall remember two crucial points regarding the separation of boundary
layers:

1. Separation occurs in the presence of a positive pressure gradi-
ent, which is sometimes named adverse pressure gradient.
Separation points along a wall (e.g. a car bodywork, an aircraft wing,
rooftops, mountains) are always situated in regions where pressure
increases (positive dp/ dx or negative dU / dx). If pressure remains
constant, or if it decreases, then the boundary layer cannot separate.

Figure 10.9 – The inWection point within a boundary layer about to separate.
Figure CC-by Olivier Cleynen
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2. Laminar boundary layers are much more sensitive to separa-
tion than turbulent boundary layers (Vg. 10.10).
A widely-used technique to reduce or delay the occurrence of separa-
tion is to make boundary layers turbulent, using low-height artiVcial
obstacles positioned in the Wow. By doing so, we increase shear-based
friction (which increases with turbulence) as a trade-oU for better
resistance to stall.

Figure 10.10 – The eUect of decreasing Reynolds number on Wow attachment over
an airfoil at constant angle of attack, with the transition point highlighted. Laminar
boundary layers are much more prone to separation than turbulent boundary layers.

Figure CC-by-sa Olivier Cleynen, based on Barlow & Pope 1999 [10]

Video: a football with a rough
edge on one side will see turbu-
lent boundary layer on that side
and laminar boundary layer on
the other. When the laminar
layer separates before the turbu-
lent one, the main Wow around
the ball becomes asymmetric
and deviates the ball sideways,
a phenomenon that can be ex-
ploited to perform impressive
tricks.

by freekikerz (styl)
https://youtu.be/rzRuZNvkMbc

Predicting in practice the position of a separation point is diXcult, because
an intimate knowledge of the boundary layer proVle and of the (external-
Wow-generated) pressure Veld are required — and as the Wow separates, these
are no longer independent. Resorting to experimental measurements, in this
case, is often a wise idea!
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